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Abstract:  This paper examines the use of multi-band 
reconstructed phase spaces as models for phoneme 
classification. Sub-banding reconstructed phase spaces 
combines linear, frequency-based techniques with a 
nonlinear modeling approach to speech recognition. 
Experiments comparing the effects of filtering speech 
signals for both reconstructed phase space and traditional 
speech recognition approaches are presented. These 
experiments study the use of two non-overlapping sub-
bands for isolated phoneme classification on the TIMIT 
corpus. It is shown that while classification accuracy 
using Mel frequency cepstral coefficients as features 
does not improve with sub-banding, the accuracy 
increases from 36.1% to 42.0% using sub-banded 
reconstructed phase spaces to model the phonemes.   
 
1. INTRODUCTION 
Nonlinear acoustic modeling of human speech is an 
emerging area of research [1-3]. Unlike the analysis 
performed by typical automatic speech recognition 
(ASR) systems, nonlinear methods primarily use time-
domain analysis rather than frequency-domain analysis. 
Examples of nonlinear features that can be extracted 
from speech waveforms include fractal and correlation 
dimension, modulation features, and Lyapunov 
exponents [4-6]. Investigation into nonlinear modeling of 
speech is motivated by research that suggests human 
speech contains nonlinear components [1]. 
Unfortunately, nonlinear techniques have drawbacks as 
well, including added complexity, and lack of a standard 
fundamental nonlinear speech production model. 

The nonlinear approach proposed here is based on 
phase space reconstruction. Phase space reconstruction 
provides a mechanism to recover the dynamics of a 
system from a sampled signal generated by that system 
[7-9]. Recent work has shown that reconstructed phase 
spaces (RPS) combined with Gaussian Mixture Models 
(GMM) can be effectively used for modeling and 
classifying isolated phonemes [10]. While the RPS 
approach has not outperformed state-of-the-art modeling 
techniques, it has approached the ability of cepstral 
analysis on isolated phoneme classification. 

In previous work [11], the authors have shown that 
RPSs created from sub-banded signals can discriminate 
amongst phonemes. In this work, we extend the 
investigation to show how Bayesian combination of sub-
band phoneme classification log likelihoods improves 
overall classification accuracies. 

In the rest of the paper, background on reconstructed 
phase spaces and sub-bands is given, followed by the 
methodology and experimental setup used for this paper, 
and the experimental results.  
 
2. BACKGROUND 
 
2.1. Reconstructed Phase Spaces 
An RPS is a model of the dynamics of a system that can 
be created using a time series of one of the state-
variables of the system. To generate an RPS, a trajectory 
matrix is established as 
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where d is the embedding dimension, τ is the time lag, 
and xn is the nth point in the signal.  

The concept of phase space reconstruction, also 
known as a delay-coordinate mapping or time-delay 
embedding, was first introduced by Packard [9]. Using 
Whitney’s theorem [12], Takens showed that a delay-
coordinate mapping from a generic n dimensional state 
space to a space of dimension 2n+1 preserves topology 
[7]. Later, Sauer and Yorke extended this by showing 
that, with probability 1, a time-delay embedding is 
topologically equivalent to the original dynamical 
system, provided that the embedding dimension is 
greater than twice the box-counting dimension of the 
original system [8].  
 
2.2. Sub-bands 
There are reasons to believe that performing speech 
recognition in frequency sub-bands may be beneficial. 
Experiments performed on human speech recognition 
have suggested that humans recognize sounds in 
individual sub-bands, and then integrate the resulting 
information [13]. This allows for robust recognition that 
can function even if some frequency bands are distorted 
or eliminated.  
Multi-band acoustic features have been used in an 
attempt to replicate the robustness of human speech 
recognition in ASR systems. It has been shown that 
recognizers using traditional linear features derived from 
frequency sub-bands can outperform fullband systems 
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when narrowband noise has been added to test signals 
[14, 15]. Typically, though, little or no improvement in 
recognition accuracy is seen on clean speech when using 
a simple Bayesian combination [14, 16].  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. RPS of phoneme '/ae/’. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. RPS of phoneme ‘/ae/’ lowpass filtered at 1500 Hz. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. RPS of phoneme ‘/ae/’ highpass filtered at 1500 Hz. 

Unlike Mel frequency cepstral coefficients (MFCC) 
and other traditional speech recognition features, RPSs 
are not based on the frequency spectrum of speech 
signals. RPSs model the time-domain characteristics of 

the signal, but not explicitly the spectral characteristics. 
Therefore, sub-banding speech signals before embedding 
them into RPSs could potentially improve their 
discriminatory power by integrating frequency 
information with the dynamics.  

A two dimensional RPS of the vowel ‘/ae/’ is shown 
in Figure 1. Exploring the characteristic structure of this 
plot is our objective. Figures 2 and 3 display a sub-
banded version of this phoneme, which was filtered 
using a highpass and lowpass filter, each with a cutoff at 
1500 Hz. The lowband RPS appears similar in structure 
to the unfiltered version, but is clearly smoother, 
displaying the slower moving dynamics of the vowel. 
The highband RPS appears less structured, and could be 
of a higher dimension, or could perhaps contain less 
information. 

 
 
 
 
 
 

 
 

Figure 4. RPS sub-band classifier. 

3. METHODOLOGY 
The process of sub-band RPS classification is illustrated 
in Figure 2. Each speech signal is separated into a 
number of frequency band-limited signals. The filters are 
designed to completely isolate the dynamics of the 
desired sub-band, so the attenuation in the stop band is 
greater than the loudest frequencies found in human 
speech. Infinite impulse response filters are used because 
of the need for narrow transition bands.  

These filtered signals are then embedded into an RPS, 
which is zero-meaned and radial normalized. A GMM 
models the RPS of each phoneme class. The GMM 
probability distribution of the ith class, with M mixtures 
is defined as 

1

ˆ (x) (x;u , ),
M

i im im
m

p w
=

= Σ∑ N im  

where µim is the mean, and Σim is the covariance matrix 
of mixture m. Each mixture has an associated weight wim. 
The sum of the M weights must be equal to one. An 
example GMM is illustrated in Figure 5, which shows a 
16 mixture GMM learned over a two dimensional RPS. 
The ellipses represent one standard deviation from the 
centroid of each mixture. For classification of a given 
exemplar, each sub-banded RPS signal is assigned a log 
likelihood ω̂ for the ith class according to 

1...
ˆ ˆarg max{ (x)},i

i C
pω

=
=  

and these sub-band likelihoods are then fused to produce 
one final likelihood for each class.  
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Figure 5. 16 mixtures learned over phoneme ‘/ae/’. 
 

4. EXPERIMENTAL SETUP 
 
4.1. Data Set 
To test the proposed sub-banding approach, we ran two 
sets of experiments over the TIMIT database [17]. 
TIMIT is a speaker independent database with read 
speech. There are 462 speakers in the training set and 24 
speakers in the core test set. The task is isolated phoneme 
classification, so the expertly labeled phonemes in 
TIMIT are extracted for modeling and classification.  
 
4.2. Setup 
The experiments presented here examine the 
classification ability of RPSs and MFCCs in pairs of sub-
bands, a lowband and a highband, each filtered with the 
same cutoff. Six cutoffs are chosen based on the 
approximate Mel-scale: 

1127*ln(1 ).
700

fMels = +  

The classification accuracies of each method on the 
lowband data, the highband data, and the Bayesian 
fusion of the two bands are examined. These results are 
compared against a fullband baseline.  

After all individual phonemes are extracted using the 
time stamps provided, each signal is filtered with a 
lowpass or a highpass Chebychev type II filter. Each 
filter is of order 36, with a stop band attenuation of 70 
dB. These parameters are chosen to ensure that the 
dynamics outside of the selected sub-band are 
completely removed, and the transition band is as narrow 
as possible. All signals are filtered twice, once forward in 
time and once backward in time to eliminate phase 
distortion. 

HTK [18] is used for training and testing of both 
experiment sets. Each sub-band is represented as a 
stream in HTK, and the combination is done with equal 
stream weights. 

 
4.3. RPS Experiments 
The filtered signals are embedded into a ten dimension 
RPS with five axes as the time points of the signal at 

each lag, and five axes of deltas computed over each of 
the lagged  signals. Each RPS point is defined as 

4 4x [ ]n n n n n n nx x xτ τ τ τ− − − − ,= ∆ ∆ ∆L L  

and the delta coefficients are given by 
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with Θ = 5. The delta function is equivalent to an FIR 
filter, which, as a smooth linear transformation on the 
space preserves topological equivalence of the RPS [8]. 
The dimension, lag, and number of mixtures in the 
GMM, which are 10, 6, and 128 respectively, were 
determined empirically [10].  
 
4.4. Cepstral Experiments 
Training and testing for the Mel frequency cepstral 
coefficient (MFCC) features is done in a manner similar 
to that of the RPS. To have a comparable number of 
features as in the RPS experiments, 10 MFCCs are 
computed from each sub-band using twelve Mel 
frequency channels. The GMMs used to model the 
MFCC features contain 16 mixtures. 
 
5. RESULTS 
The results for the RPS sub-band experiments are shown 
in Table 1, along with the baseline fullband RPS 
accuracy. The greatest accuracy is found in the fusion of 
the two sub-bands filtered at 1380 Hz, and is 
approximately 6% higher than the fullband RPS 
accuracy. 

It is interesting to note that at the third, fourth, and 
fifth cutoffs the lowband accuracy is greater than that of 
the fullband. As can be seen from Table 1, the accuracies 
of the low and high bands are equivalent somewhere 
below 750 Hz. Unlike the lowband, the highband 
performance is severely degraded when only the lowest 
10% of the frequency spectrum is filtered out. Clearly, 
the RPS method appears to be able to model signals with 
slow moving dynamics better than those with fast 
moving dynamics. 
 

Fullband baseline: 36.10% 
Cutoff Freq Lowband Highband Fusion 
320 Hz 18.84% 29.01% 29.76% 
750 Hz 32.06% 22.34% 39.06% 
1380 Hz 37.61% 19.68% 42.01% 
2280 Hz 37.74% 18.30% 40.39% 
3560 Hz 37.48% 14.70% 38.52% 
5380 Hz 36.09% 13.09% 36.96% 

Table 1. RPS accuracies for each filter cutoff. 

Table 2 shows the results for the sub-banded MFCC 
experiments. The highband cepstrals provided for better 
classification than the highband RPSs across the board, 
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but the lowband cepstrals could not match their RPS 
counterparts for the lower three cutoffs. More 
importantly, the greatest MFCC fusion accuracy was 
nearly equal to the fullband MFCC baseline. 
 

Fullband baseline: 47.78% 
Cutoff Freq Lowband Highband Fusion 
320 Hz 15.26% 42.61% 43.09% 
750 Hz 27.44% 37.94% 47.12% 
1380 Hz 33.69% 32.28% 47.58% 
2280 Hz 40.78% 25.07% 47.14% 
3560 Hz 43.49% 20.30% 47.14% 
5380 Hz 46.68% 15.59% 47.83% 

Table 2. MFCC accuracies for each filter cutoff. 

6. CONCLUSION 
We have shown that sub-band decomposition of speech 
signals can substantially improve the classification 
performance of the reconstructed phase space approach. 
Filtering phonemes into two sub-bands and fusing the 
RPS classification likelihoods with a naïve Bayesian 
combination yielded an increase in accuracy from 36.1% 
to 42.0%. In contrast, there appears to be no benefit to 
sub-banding MFCCs in clean speech. 

In future work, we will investigate why RPSs are able 
to model lowpass filtered signals more effectively than 
highpass filtered signals, and also look at increasing the 
number of sub-bands. Additionally more sophisticated 
fusion strategies for combining subband likelihoods will 
be considered.  
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